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The unsteady diffusion-controlled evaporation of o pure fluid into a multicomponent mixture 
is studied by a boundary-layer method. An expression is obtained for the volume of vapor pro- 
duced by the evaporating species as a function of time. It is shown that the result can be 
interpreted in terms of an effective diffusivity of the type proposed by Wilke and by Stewart. 
It is further demonstrated that the boundary-layer method predicts a sweep-diffusion effect. 

A liquid 1 is placed in a long vertical 
tube in the region below z = 0 as 
shown in Figure 1. In the region above 
z = 0 there is initially a vapor contain- 
ing species 2, 3, , . . . n; the initial 
composition in the gas is given by the 
mole fractions xoz, x",, . . . . . xon. At 
time t = 0 liquid 1 begins to evaporate. 
It is desired to obtain information about 
the rate of evaporation if the system 
is maintained at constant temperature 
and pressure, and if the vapor of 1 is 
heavier than that of the gas mixture 
so that no free convection effects will 
occur. It is also desired to investigate 
the extent to which components 2, 3, 
. . . . n tend to separate as a result of 
the diffusion of species 1 through the 
mixture. It is presumed that 2, 3, . . . . n 
are all ideal gases and all insoluble in 
1. 

First the problem is reviewed for the 
two-component problem of 1 evaporat- 
ing into pure 2. Then a boundary-layer 
solution for the binary problem is given. 
After that the same boundary-layer 
technique is applied to the multicom- 
ponent problem. Then these results are 
used to draw some conclusions regard- 
ing multicomponent diffusivities and 
sweep diffusion. 

EXACT SOLUTION FOR THE 
BINARY PROBLEM 

The equations describing the dif- 
fusion in this system are the equations 
of continuity (2) of 1 and 2: 

acl a x  acz aN2 
( L 2 )  at az ' at az 

and the expression for the molar flux' 
of 1 (with respect to a coordinate sys- 
tem h e d  with respect to the stationary 
liquid-vapor interface) : 

N,= - cD,(axJaz) + x1(N1+N2) ( 3 )  
When Equations (1) and (2) are 
added, and when use is made of the 

-.= --.- =-- 
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constancy of c for an ideal gas at con- 
stant temperature and pressure, it is 
concluded that ( N l + N z )  does not vary 
with z. Because there is no motion of 2 
at z = 0, one can evaluate N ,  at z = 0 
from Equation (3) : 

and this quantity must then be 
(N,+Nz)  at any position in the tube. 
Substitution of Equation ( 3 )  into 
Equation (1) and the use of Equation 
(4) for (N,+N,)  gives 

axl D, ax, ax, 
at l-xlo az,, az 

(5) 

This equation has been solved by 
Arnold ( I ,  2) with the initial and 
boundary conditions: x1 = xlo at z = 0, 
and x1 = 0 at z = co and at t = 0. 
The solution is 

-= 

z 
1 - erf ( - 4) d 4 D t  

where 4 is a function of xlo given by 

(7) 

A few values of 4 (xl0) are shown in 
Table 1. 

By inserting this solution into Equa- 
tion (5) one can get N ,  and hence also 
the volume of species 1 produced up to 
time t: 

1 1 - _  - - I +  
X l O  .\/;;(l+erf+) +exp+' 

which was obtained by Arnold (1 ) . If 
the last term in Equation (5) had been 
omitted (that is, if Fick's second law 
of diffusion had been used), then in- 
stead of Equation (8) one would have 
gotten 
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VIFlek = sx, V4DU t/?r (9) 
Hence one can rewrite Equation (8). 
Thus ( I )  

v, = SX, d D 1 ,  t/?r . Ip) (10) 

where I,P) = dG/xlo; the function $'), 
also shown in Table 1, gives the devia- 
tion from Fick's second law of the bulk 
flow. 

BOUNDARY-LAYER SOLUTION FOR 
THE BINARY PROBLEM (5) 

As the starting point for a boundary- 
layer development one takes the inte- 
grated form of Equation (1) 

and Equation (3)  written for z = 0 
[that is Equation ( 4 ) ] .  When one 
equates these two expressions for Nlo 

-$,x,dz d -  = - - - 
dt 

Note that the same result could have 
been obtained by integrating Equation 
( 5 ) o v e r z f r o m z = O t o z =  00. 

One now assumes a concentration 
profile of the form 

xl/xlo= f(z/S) = f ( [ )  5'1 (13) 

X,/XlO = 0 5 4 1  (14) 

where 6 = 6 ( t )  is the concentration 
boundary-layer thickness. The function 
f ( ( )  has the properties f ( 0 )  = 1, 
f(1) = 0, andf '(1) = 0. 

Substitution of the above approxi- 
mate profiles into Equation (12) gives 

(15) 
where 6 = dWdt and f' = df/d[. This 
differential equation for 6 ( t )  can be 
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TABLE 1 6, (t) , which yields 
n 

[?&I 6, = J 2(-fi'(O))t 
Sofld5 

(26) 
A similar operation on Equations (21) 
and (23) gives 

8, = I 
I 2 ( - f , ' ( O ) ) ~  

v )$,fldCl 

n o  4 

0.0000 1.000 1.02 0.97 

0.3578 1.268 1.44 1.36 
0.6618 1.564 2.04 1.93 

0.00 
0.25 
0.50 
0.75 
1.00 a 

0.1562 1.108 1.18 1.12 

03 co 00 

integrated, with the initial condition 
6(0) = 0, to give 

Once 8(t) is known, one can get the 
concentration profiles from Equation 
(13) and also the volume of 1 pro- 
duced, namely 

Comparison with Equation (10) re- 
veals that 

(18) 
The values of $bOuPdary I.ysr(*) for several 
trial functions f ( r )  are shown in Table 
1 next to the values of obtained by 
the exact solution. It is seen that the 
dependence of $boundary layer(D on xlo is 
somewhat too strong. 

BOUNDARY-LAYER SOLUTION FOR 
THE MULTICOMPONENT PROBLEM (5) 

The equations describing the n-com- 
ponent system are the n equations of 
continuity: 

ac, a" 
at az 

-=-- i=1,2, ... n (19) 

and the Stefan-Maxwell Equations (3) 
which describe the interrelation of the 
molar fluxes with the concentration 
gradients: 

0 

ax,/az = P (cD,,)4(x,Nj - xjN,) 
J=l 

i = 1,2,. . . n (20) 

As the starting point for the boundary- 
layer development one takes the inte- 
grated form of Equation (19) for com- 
ponent 1 and the Stefan-Maxwell equa- 
tions written for z = 0: 

I ra  (22) 

i = 2,3,. . . n (23) 

in which the xjo  are the vapor phase 
mole fractions at the gas-liquid inter- 
face, assumed to be independent of 
time. It is not known how good this 
assumption is; furthermore the inter- 
facial condition will depend on the 
mechanism for forming the interface. 

One now uses the following concen- 
tration profiles: 

i = 2,3,. . . n (25) 

where x j 0  is the concentration of species 
i at t = 0 in the gas mixture; that is 
each species has its own concentration 
boundary-layer thickness 6, ( t )  , and the 
authors specify that f j ( 0 )  = 1, fj(l) 
= 0, and f',(l) = 0 for all i. 

The introduction of fi ( [*) into Equa- 
tions (21) and (22) gives two expres- 
sions for N,/c. When these are equated 
one gets a differential equation for 

TABLE 2, VALUES OF.THE QUANTITY A. 

R = U  R = 2  

0.2 0.5 % 0.1 0.2 0.5 
0.1 0.010 0.022 0.078 0.1 -0.018 -0.041 -0.143 
0.2 0.018 0.039 0.125 0.2 -0.030 -0.064 -0.206 
0.5 0.032 0.066 0.179 0.5 -0.026 -0.053 -0.143 
0.9 0.029 0.059 0.147 0.9 -0.001 -0.002 -0.005 

[A 0.1 

n 

Once these boundary-layer thicknesses 
are known, one may get the concentra- 
tion profiles from Equations (24) and 
(25). By the same procedure as in the 
previous section one can find the vol- 
ume component 1 produced: 

Vi = Sxio d ( ~ o f l d L )  (-f; (0)  ) * 2t 
0 

[ Z $ f I  
= SXlO d4f)l!2t/a * $bar? Iyr(n' (28) 

This last relation serves to define a 16.'"' 
analogous to the 9" of Equation (10). 
There is little reason to believe that the 
result in Equation (28) would give 
quantitative results any better than 
those in Equation (18). 

REMARKS ABOUT THE EFFECTIVE 
DlFFUSlVlTY 

If it be assumed that the function 
f ( 5 )  in Equations (13) and (14) is the 
same as the function f i (L)  in Equa- 
tions (24) and (25), then comparison 
of Equations (18) and (28) shows that 

z = o  

VAPOR CONTAl N I NG 
'2' ,'3': ...* n" 

LIOUID-VAPOR INTER- 
FACE MAINTAINED AT 

2 . 0  

L l O U l D  "1" 

Fig. 1. Evaporation of "1" into a gaseous mix- 
ture of n-1 components. 
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If it further be assumed that xm/%’ = 
xW/x,” = . . . . . = xm/x,“, then Equa- 
tion (29) assumes the very simple form 

4- I 4=2 D,‘ J 
One can hope that although the indi- 

curate, the ratio may be rather good. 
If one assumes that the ratio of bound- 
ary-layer quantities is exactly the same 
as the ratio of rigorously calculated 
quantities, then Equation (28) be- 
comes 

vidual +boundary layer (k) are not very ac- 

Vi = Sxlo V4Dz,errt/~ . +(’) (31) 
where $2) is the function of xlo given 
in Table 1 and D 1 , e r r  is defined by 

X I 0  

j = 2  Dlj j = 2  D1j 

x25 - 
That is Equation (31) has exactly the 
same form as the binary relation in 
Equation ( lo) ,  when the effective dif- 
fusivity Dl,,rr, defined by Equation 
(32),  is used. 

It is interesting to note that the ef- 
fective diffusivity D1,err  defined above 
is exactly the same as that proposed by 
Wilke (8) by a development different 
from that given above. Furthermore 
Fairbanks and Wilke ( 4 )  have found 
that the above definition of Dl,eff gave 
a very good description of the evapora- 
tion rate of ethyl propionate into air- 
hydrogen mixtures and of toluene into 
hydrogen-argon mixtures. 

It is also informative to compare 
Di,.,r with the D,, proposed by Stew- 
art (7) ,  which is defined by 

n 

Ni = - cDim (a~ie , /a~)  + XI t A’, (33) 
j=1 

That is one regards D,, as the binary 
diffusivity of 1 into a mixture consist- 
ing of all other components. When 
Equation (33) is solved for (ax, /dz)  
and this quantity equated to ( a x , / & )  
in Equation (20) one obtains the rela- 
tion between D,, and the usual binary 
Dij: 

Dm(z,t) = (34) 

N1- XI t N j  
j=1 

( N1xl i jNJx l )  

J :2 
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In the evaporating system considered 
here DIm is clearly a function of z and 
t. At z = 0 the molar fluxes of compo- 
nents 2,3,. . . . n are zero, and hence 
D,,(O,t) is exactly the same as D,.,,, 
defined in Equation (32).  Hence the 
boundary-layer treatment (with fl 
selected to be the same function as f )  
gives the same result as would be ob- 
tained by treating the multicomponent 
problem as a binary one and using 
D,, evaluated at z = 0. 

The diffusivity Dlm has recently been 
found by the authors to be useful for 
describing some three component dif- 
fusion problems with chemical reac- 
tions (6).  

REMARKS ABOUT THE 
SWEEP-DIFFUSION EFFECT 

It  is now desired to establish some 
measure of the extent to which the 
initial relative concentration is dis- 
turbed by the diffusion of component 
1 through the mixture. If there were 
no sweep diffusion, then the initial rela- 
tive concentration would be preserved; 
the concentration of j at any position 
and any time would just be x,”( l-xl), 
where x1 is the composition at  the same 
position and the same time. Hence the 
quantity 

will give the fractional error one would 
make by assuming there is no sweep 
diffusion. If, as above, one assumes f ,  = 
f2  = . . . f,, = f and that all x j o / x j o  are 
the same, then one finds from Equa- 
tions (26) and (27) that 

R E S j / &  = (Dij/D1,eff) (36) 

and that Equation (35) can be written 

A few sample values of A = A(xlo, R,  
6,) calculated for f ( [ , )  = (1  - t ; j ) 9  
are given in Table 2, to illustrate the 
order of magnitude of the sweep dif- 
fusion effect. 

CONCLUSIONS 

The boundary-layer treatment gives 
a new interpretation to the effective 
diffusivity formula as proposed earlier 
by Wilke and tested experimentally by 
Fairbanks and Wilke. It further gives 
information as to the order of magni- 
tude of the sweep-diffusion effect. Un- 
fortunately there seem to be no experi- 
mental measurements of the concentra- 
tion profiles in evaporation systems to 
allow any comparisons to be made with 
measured separations. 
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NOTATION 

C = total molar concentration of 
mixture 

ci = molar concentration of Gth 
species 

Dt, = binary diffusivity of system 
i-i 

Dl,eff = effective binary diffusivity 
for i in evaporating system 

D,, = effective binary diffusivity 
for i in a mixture 

f = assumed form for concentra- 
tion profile 

N i  = molar flux of species i with 
respect to a stationary coor- 
dinate system 

R = ratio of boundary-layer thick- 
nesses 

S = surface area exposed for 
evaporation 

t = time elapsed since beginning 
of evaporation 

V, = volume of vapor of 1 pro- 
duced up to time t 

Xl = mole fraction of species i 
z = distance in gas phase from 

the liquid-vapor interface 

Greek Letters 
6 ( t )  = instantaneous concentration 

boundary layer thickness 
A = sweep diffusion factor 
2: = z / 6  = dimensionless distance 
7r = 3.14159.. . . . 
4 = Arnold’s evaporation function 
& ( j )  = correction factor in a j-com- 

ponent system 
0 = subscript indicating evalu- 

ated at z = 0; also super- 
script indicating evaluated at 
t = O  
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